Finite electron temperature effects on interferometry and polarimetry measurements for burning plasma are considered with particular focus on analytically understanding the role of weakly relativistic effects. Development of a new iterative technique, in the limit when the probing wave frequency is much higher than the electron cyclotron frequency, yields the dispersion relation to lowest ͑linear͒ order in T e / m e c 2 Ӷ 1. Perturbative treatment of the wave phase and polarization is presented in a form suitable for interpretation of experimental data. Previous analysis of the problem included nonrelativistic calculations only. Herein, it is shown that relativistic effects are equally important. Theoretical results are in agreement with computations and can be used for benchmarking of ray tracing codes. The implication of finite temperature effects on future burning plasma interferometer diagnostics is discussed.
I. INTRODUCTION
The refractive indices and evolution of polarization for high-frequency electromagnetic waves are of major interest for density and magnetic field diagnostics in laboratory and astrophysical plasmas. The cold plasma dispersion relation has been widely used for many years to interpret interferometry and polarimetry measurements. Relativistic kinetic theory of electromagnetic waves and the covariant ray tracing formalism were intensively studied for astrophysical applications ͑see, for example, Refs. 1 and 2͒. Relativistic effects on reflectometry in laboratory plasmas ͑refractive indices, cutoffs͒ were treated numerically in Ref. 3 on the basis of a computationally convenient expression for the weakly relativistic dielectric tensor. Recently, the effects of thermal electron motion on interferometry and polarimetry analysis were analytically investigated and found to be potentially measurable 4 in the electron temperature range typical for JET, 5 ITER, 6 and other high-temperature tokamaks.
The lowest-order corrections in ͑=T e / m e c 2 Ӷ 1͒ to interferometric effects ͑including Faraday rotation and CottonMouton effects͒ were calculated in Ref. 4 on the basis of the nonrelativistic dielectric tensor ⑀ ij for magnetized plasmas. The nonrelativistic approach was justified by arguing that at wave frequencies significantly higher than the electron gyrofrequency ce , relativistic effects can be ignored. We revisit this problem by analyzing the relativistic kinetic equation for a magnetized plasma, and show 7 that thermal corrections caused by the weakly relativistic effects are important for ӷ ce . They are also linear with , being comparable to the nonrelativistic thermal corrections but with opposite sign. The importance of relativistic effects for precise treatment of interferometry and polarimetry measurements at finite electron temperature motivated our interest in developing a more complete theoretical analysis of the problem. The paper is organized as follows. Section II gives a description of a new analytical approach based on the iterative scheme of the solution of the kinetic equation with the use of the small parameter ce / Ӷ 1. The quantitative analysis is preceded by a qualitative introduction of two different types of the thermal effects: the dispersive nonrelativistic corrections caused by the Doppler effect and weakly relativistic nondispersive contributions caused by relativistic mass dependence on the velocity. The linear electron temperature corrections for the dielectric tensor are presented in the Stix reference frame with the z axis oriented along the equilibrium magnetic field. In Sec. III, the polarization equation is analyzed in the wave coordinate system with the z axis oriented along the laser beam. Perturbative treatment of the Jones matrix yields the thermal corrections to the refractive indices and eigenvectors of the normal waves. The evolution equation for the Stokes vector is derived with the relativistic effects taken into account. A brief discussion and conclusions are drawn in Sec. IV. Details of the calculations are presented in Appendixes A and B.
II. HIGH-FREQUENCY DIELECTRIC TENSOR IN WARM PLASMA

A. Qualitative consideration
For a transverse electromagnetic wave, thermal corrections to the refractive index are caused by the Doppler shift of the frequency − k · v, where k and v are the wave vector and the electron thermal velocity. For the longitudinal plasma wave, in addition to the Doppler shift there is a contribution from the electron pressure perturbation. In the transverse case, the electron pressure is not perturbed, but due to the Doppler effect the magnitude of electron oscillatory velocity is sensitive to the electron thermal velocity. Consider, for example, two electrons moving with thermal velocities ±v in the direction of the wave vector. Their contribution to the transverse current induced in plasma by the wave leads to a correction proportional to v 2 ,
where m e is the electron rest mass and relativistic factor
term over the equilibrium Maxwellian distribution yields a function of electron temperature. The lowest-order term in expansion of this function at Ӷ 1 is linear in T e . Correspondingly, one can ignore relativistic corrections by letting ␥ = 1 and using the nonrelativistic Maxwellian distribution function for averaging. Due to the nonrelativistic nature and the presence of the k 2 factor, we will refer to this linear T e contribution as the nonrelativistic dispersive correction. Dispersive corrections lead to a transverse current increase with respect to the case of cold electrons and, thus, result in a decrease of the refractive index N = kc / by a factor ϰN 2 . Since the phase velocity of a high-frequency electromagnetic wave is close to the speed of light ͑N 2 Ӎ 1͒, the nonrelativistic thermal corrections are of order .
The purpose of this paper is to point out that in addition to the above nonrelativistic dispersive corrections, there are relativistic corrections linear in that were not previously addressed in analytic treatments of the interferometric effects. They originate from the first proportional to unity term in Eq. ͑1͒ and are caused by the increase of the electron mass m e ␥ due to the dependence of ␥ on the electron thermal velocity. Averaging over the electron distribution function leads, effectively, to an electron mass increase with the electron temperature. In the weakly relativistic limit, the corresponding corrections are proportional to ͑␥ −1Ӎ T e / m e c 2 ͒ and, thus, are of the same order as the dispersive ones. Since they are not proportional to k 2 or N 2 , we will refer to them as the nondispersive relativistic thermal corrections. Obviously, the larger electron mass slows the electron response, thereby effectively increasing the refractive indices. As a result, the sign of this contribution is opposite to the dispersive correction. To distinguish the above two mechanisms, we will use the terms "nonrelativistic" or, equivalently, "dispersive" for the former type of the corrections, and "relativistic" or "nondispersive" for the latter one. Both effects must be included simultaneously for accurate interpretation of the interferometric measurements.
B. Relativistic kinetic equation for magnetized plasma
Due to the short wavelength of the electromagnetic waves used for interferometric diagnostics, their typical frequency greatly exceeds the characteristic plasma frequencies such that
Under these conditions, the main contribution to plasma linear response is given by the electrons while the ion motion can be ignored. The electron response is treated on the basis of the relativistic Vlasov equation for electron distribution function F͑r , p , t͒ in uniform magnetic field B 0 , which is perturbed by the fast oscillating magnetic and electric field E of the wave. In linear approximation with respect to the small electric field, the distribution function F͑r , p , t͒ is divided into a stationary equilibrium part f͑p͒ and a perturba-
F͑r,p,t͒ = f͑p͒ + ␦f͑p,r,t͒.
͑3͒
Presenting ␦f͑p , r , t͒ as a sum of the Fourier harmonics ϰexp i͑k · r − t͒ yields a nonhomogeneous first-order ordinary differential equation for the Fourier components of ␦f. Using a spherical reference frame ͑p , , ͒ with the z axis parallel to the unperturbed magnetic field B 0 and assuming that the unperturbed distribution function is isotropic, f͑p͒ = f͑p͒, gives
where the relativistic factor ␥ describes the relationship between particle momentum and velocity, p = mv␥. The same notation ␦f͑p͒ is used for the Fourier harmonics of ␦f͑p , r , t͒. The factor ␥ is also a measure of the relativistic mass increase caused by electron thermal motion and gives rise to the relativistic corrections to the plasma dielectric tensor. Linear response is determined by the currents induced in plasma,
where n 0 is the equilibrium plasma density, and the equilibrium relativistic Maxwellian distribution function f͑p͒ is assumed to be normalized to unity,
Using the definition of the displacement vector D and expressing j as a function of the electric field yields the elements of the dielectric tensor ⑀ ij ,
The standard calculation method is based on the exact integration of Eq. ͑4͒. 
͑8͒
Expanding the exponential function in series of the Bessel functions summed over the harmonics of and performing angular integrations ͑5͒ yields the elements of ⑀ ij that have, in the relativistic case, a well known form ͑see, for example,
‫ץ‬f ‫ץ‬p dp ʈ p Ќ dp Ќ . ͑9͒ Instead of using these general expressions, we have developed a simple calculation scheme adequate for the case of practical interest of a high-frequency electromagnetic wave with ӷ ce . This allows us to avoid exact integration of Eq. 
ͪͬ. ͑10͒
The calculation details are described in Appendix A. First, we use the Stix reference frame xЈ , yЈ , zЈ with the zЈ axis oriented along B 0 and the k vector in the xЈ , zЈ plane 
⌬⑀ ij
Since the plasma is treated as being nondissipative, all three parts are Hermitian, 
that coincides with the weakly relativistic limit of the functions ⑀ L and ⑀ T calculated in Ref. 12 .
The main argument of Ref. 4 in favor of ignoring the relativistic effects was that they could be important in series expansions ͑9͒ only at large n Ӎ / ce . Since the contribution from large n is small, relativistic effects were ignored and the nonrelativistic dielectric tensor was assumed to give an accurate estimate of linear in T e corrections. If this were so, the limiting transition B 0 → 0, which is consistent with the large n Ӎ / ce → ϱ assumption, would result in the expressions containing no terms of the relativistic origination. This contradicts Eq. ͑14͒, where the weakly relativistic factor 5 / 2 is explicitly presented. Thus, both the calculations 12 and our result ͑12͒ confirm that the relativistic effects are important and yield contributions comparable with nonrelativistic terms. This indicates that accurate analysis of linear corrections in T e requires the use of the relativistic Vlasov kinetic equation.
For analysis of the wave polarization, it is convenient to transfer the dielectric tensor ͑11͒-͑13͒ to a new reference frame x , y , z. The z axis is oriented along the vector k while the vector of the unperturbed magnetic field is in the x , y plane and has the Cartesian coordinates B 0 = ͑B 0 sin ␣ ,0,B 0 cos ␣͒ ͑see Fig. 2͒ . The transformation is achieved by two successive rotations of the initial reference frame around the yЈ axis by the angle ␣ and around the zЈ axis by the angle . The new tensor ⑀ ij is related to the initial one ⑀ ij Ј as follows:
where T is the transformation matrix. Applying this transformation for the dielectric tensors ͑11͒-͑13͒ yields three parts, 
The dispersive part ⌬⑀ ij ͑D͒ is obtained by the power expansion in Y up to Y 2 order. In contrast to this, the nondispersive part ͑17͒ is found exactly and is valid at any Y. To calculate Eq. ͑17͒ with the same Y 2 accuracy, the constants ͑19͒ are simplified by power expansion in Y,
This yields the final form of ͑17͒,
III. EFFECT OF ELECTRON THERMAL MOTION ON THE EVOLUTION OF POLARIZATION
The electric field of the wave is determined by the real part of the expression
where E is a constant complex vector. Slow spatial variations of E can be considered in the higher-order approximation within the scope of the geometrical optics. The homogeneous system of the Maxwell equations for three components of E,
determines the dispersion and the polarization properties of the wave. Expressing E z in terms of E x and E y from the z component of Eq. ͑23͒ and substituting into the x and y components yields two coupled equations for E x and E y that are suitable for the analysis of polarization ͑Jones equations͒,
According to ͑24͒, the Jones tensor ij is Hermitian. Equating the determinant of ͑24͒ to zero gives the dispersion relation for two normal waves,
Solving ͑25͒ for N 2 gives the refractive indices N 1 2 and N 2 2 for slow ͑O-mode͒ and fast ͑X-mode͒ waves, respectively,
Function R determines the difference between N 1 and N 2 and, thus, the phase between two normal waves. In the cold plasma case ͓with dielectric tensor ͑16͔͒, solutions ͑26͒ have the well known form
The components of E are determined by the polarization factor p = E y / E x . Expressing N 2 in terms of p from the first equation ͑24͒, N 2 = xx + xy p, and using ͑26͒ yields two solutions,
The upper sign corresponds to the slow wave with
Since g is pure real, the factor p is pure imaginary. Then, the two eigenvectors of the normal modes are as follows:
They describe electromagnetic waves elliptically polarized in mutually orthogonal directions. The major semiaxes of the ellipses are parallel to the x and y axes. Recall that the x axis was chosen along the perpendicular component of the magnetic field, B 0Ќ = B 0 − e z ͑e z · B 0 ͒. This means that in spatially varying magnetic field, the major semiaxis of the slow wave follows the B 0Ќ direction while the ellipse of the fast wave is elongated in the B 0 ϫ e z direction. Introducing the laboratory reference frame, x L , y L , z L , with the z L axis parallel to the z axis and, correspondingly, to the wave propagation direction, the position of the ellipse is characterized by the angle between the major axis and Ox L ͑0 ഛ ഛ ͒ ͑see Fig. 2͒ . The ratio of minor and major semiaxis ͑ellipticity͒ is characterized by the variable ,
where the positive and negative signs are for anticlockwise and clockwise rotation, looking forward to the laser beam source ͑− /4ഛ ഛ /4͒. The standard approach to the evolution of polarization is based on a presentation of the incident on plasma wave as a superposition of two normal waves at the plasma-vacuum interface. The wave dynamics at any other position is determined by the evolution of the normal waves whose eigenvectors and the phases follow the above spatial dependences. 
From ͑32͒ and ͑33͒, it follows that for pure parallel and perpendicular propagation ͑⌳ ͑c͒ = 1 and ⌳ ͑c͒ = 0, respectively͒, the thermal corrections do not change the polarization properties in comparison with the cold plasma case. Specifically, if sin ␣ = 0, the waves are circularly polarized while at cos ␣ = 0 the polarization is linear. In the intermediate case of elliptical polarization, the effect of thermal corrections is illustrated in Fig. 3 . It results in a squeezing of the ellipses ͑decrease of ellipticity l = b / a͒ in comparison with the cold plasma case. Corresponding change ⌬l ͑T͒ of the ellipticity is given by the equation
describes the influence of electron thermal motion on the dispersion of two characteristic waves in the weakly relativistic limit. Focusing on interferometric applications, we ignore the birefringence of two normal waves caused by the magnetic field. Introducing the interferometric phase ⌽ as the phase difference between laser beams passing through vacuum and plasma,
and decomposing ⌽ = ⌽ ͑c͒ + ⌬⌽ ͑T͒ , yields the relative change of ⌽ caused by the thermal effects,
The positive factor N 2 Ӎ 1 results from the nonrelativistic Doppler mechanism and leads to the increase of ⌽. The weakly relativistic factor −5 / 2 changes the sign of ⌬⌽ ͑T͒ resulting in a decrease of the interferometric phase in comparison with the cold plasma case. The effect is caused by the relativistic mass of the electrons.
Finite magnetic field introduces anisotropy and birefringence into the normal wave propagation. The difference of the refractive indices is determined mainly by the first term in Eq. ͑31͒ caused by the cold plasma response. At finite electron temperature, there is also a contribution from the second temperature-dependent term. This makes the evolution of polarization sensitive to T e . Specifically, for propagation at the angle ␣ not too close to 90°͑cos ␣ ӷ Y͒, the difference between N 1 and N 2 is linear in Y and determined by ͉ xy ͉,
Correspondingly, the Faraday rotation angle
is a sum of rotation angle in cold plasma ⌰ ͑c͒ and small thermal correction ⌬⌰ ͑T͒ . The magnitude of the relative change of ⌰ is represented by the ratio
The positive nonrelativistic factor 3N 2 Ӎ 3 originates from the Doppler effect. The factor −5 is caused by the weakly relativistic effects. It changes the sign of the thermal correction and, thus, decreases the value of ⌰ relative to the cold plasma case. For the quasiperpendicular case, cos ␣ Ӷ Y, the difference between two refractive indices is smaller, ϰY 2 , and the polarization evolves accordingly to the Cotton-Mouton effect. In this case, the factor xx − yy ϰ XY 2 determines the evolution of polarization. From Eq. ͑31͒, it follows that the relative change of the phase between two normal waves is equal to ͑12N 2 −15/2͒Ӎ9 / 2. The weakly relativistic factor −15/ 2 reduces the nonrelativistic dispersive term, 12N 2 Ӎ 12, but not enough to change the sign. For the general case of arbitrary propagation, the difference between N 1 and N 2 is determined by a contribution to R from both ͉ xy ͉ and xx − yy factors. In this situation, the Faraday and the Cotton-Mouton effects are mixed together.
There is a presentation for the evolution of polarization where the contributions from these two effects are formally separated. It is based on the differential equation formulated in terms of the evolution of the Stokes vector of polarization s.
14 The three-component Stokes vector s = ͑s 1 , s 2 , s 3 ͒ is a unit vector, s 1 2 + s 2 2 + s 3 2 = 1, whose Cartesian components are related to ͑ , ͒ as follows:
where is the azimuth of the polarization ellipse; is defined by ͑30͒ ͑see The difference of the refractive indices is approximated from Eq. ͑26͒ at X Ӷ 1, 
IV. DISCUSSION
The results presented in this paper show that the combination of both nonrelativistic and relativistic mechanisms leads to a relative change of the interferometric phase, Faraday rotation angle, and Cotton-Mouton effect by factors ͑N 2 −5/2͒, ͑3N 2 −5͒, and ͑12N 2 −15/2͒, respectively. The factors N 2 Ӎ 1, 3N 2 Ӎ 3, and 12N 2 Ӎ 12 ͑N Ӎ 1 for a highfrequency electromagnetic wave͒ were found in Ref. 4 while the additional factors −5 / 2, −5, and −5 / 2 result from the relativistic effects derived herein. Thus, both nonrelativistic thermal corrections and weakly relativistic thermal effects are essential to correctly interpret interferometric measurements in a high-temperature plasma. For plasma with T e Ӎ 10 keV, the thermal corrections are −3% for the interferometric phase, −4% for the Faraday effect, and 9% for the Cotton-Mouton effect. Note that previous calculations performed without relativistic effects predict a 2%, 6%, and 24% increase for the interferometric phase, the Faraday rotation angle, and the Cotton-Mouton effect, respectively. 4 To express the effect of finite electron temperature in practical units, let us consider, for example, the Faraday rotation measurements. In cold plasma, the angle of rotation ⌰ c is determined by the equation 
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For typical far-infrared ͑FIR͒ laser wavelength = 100 m and plasma parameters, B =1 T, n =10 20 m −3 , T e Ӎ 10 keV, z Ӎ 1 m, an estimate of the thermal correction ⌬⌰ ͑T͒ to the Faraday rotation angle in cold plasma, ⌰ ͑c͒ Ӎ 15°, is as follows:
This is much larger than the typical system noise levels in the range Ӎ0.01°͑Ref. 15͒ to 0.04°. 16 Experimental observation of a negative thermal correction caused by the relativistic effects would be an important verification of fundamental relativistic physics in high-temperature plasma devices. In addition, the thermal correction to interferometric phase measurements can potentially be exploited to measure the electron temperature in future reactor relevant devices.
Current design of density measurements by both interferometery and polarimetry is based on the wave dispersion relation in a cold plasma ͑i.e., T e =0͒. ITER will operate at electron temperatures in the range T e ϳ 10-25 keV. Linear temperature corrections decrease the refractive indices due to the nonrelativistic Doppler shift mechanism and increase them due to the relativistic mass effect. Since the relativistic factors are larger and of opposite sign to nonrelativistic factors for the interferometric phase and the Faraday rotation angle, the measured phase is reduced as compared to a cold plasma as given by where C I and C F are constants. This means that without thermal corrections, the interferometer will underestimate the density while the polarimeter will lead to an underestimate of the magnetic field. However, since electron temperature is known from Thomson scattering, finite T e effects can be corrected. Alternatively, for a tangentially viewing interferometer-polarimeter system, the toroidal field is largely known, as in the case for a tokamak. Then the above two equations have only two unknowns and hence provide information on both the plasma electron density and temperature.
In order to provide a numerical check on this analytic result, calculations using the GENRAY 17 ray tracing code have been carried out. GENRAY is a general ray tracing code for the calculation of electromagnetic wave propagation and absorption in the geometrical optics approximation that can be applied to tokamak equilibria. The code offers several alternative dispersion functions, and for this study the fully relativistic electron plasma option described in Ref. 18 was employed. The magnetic field geometry is specified to be that of a predicted ITER scenario 2 equilibrium with I p = 15 MA, R = 6.2 m, and B T = 5.3 T. Both the electron density and temperature profiles are assumed to be flat with n e =10 20 m −3 and T e in the range 1-25 keV. The actual frequency and ray trajectory used corresponds to a tangentially viewing = 100 m probe beam along the ITER midplane with a tangency radius of R = 6.8 m.
For comparison to analytical results ͑36͒ and ͑39͒, both X and O mode rays were launched, and the phase shift ͑35͒ of each ray relative to vacuum propagation was calculated using the standard cold-plasma dispersion relation as well as the fully relativistic one. The interferometric phase shift and the Faraday rotation angle are then defined from the GENRAY calculations as
Shown in Figs. 5͑a͒ and 5͑b͒ are the GENRAY calculated interferometeric phase shifts ͓͑a͒, diamond͔ and Faraday rotation angles ͓͑b͒, diamond͔ for a range of electron temperatures, where the hot plasma results have been scaled to that of the cold plasma. Also shown in Fig. 5 
͑A1͒
Variable ⌿ is defined by the integral in the spherical reference frame ͑p , , ͒ ͑see Sec. II͒,
Then, ␦g can be rewritten as
where
As a first step of iteration, we set to zero the small term ϰ⑀ and obtain the zero-order solution
Next-order corrections are obtained by making power series expansion in ⑀,
Substituting ͑A6͒ into ͑A3͒ and combining terms of the same order in ⑀ yields the recursion equation that allows us to calculate the next-order correction by differentiating the previous one,
Small parameter ⑀ Ӎ 10 −2 provides good convergence of the series. Fast oscillating harmonics sin n and cos n can slow down the convergence at large n Ӎ ⑀ −1 . Contributions from these terms are small, and, therefore, ignored below.
The solution for ␦g is presented by the series
A similar expansion for ␦f has the form
͑A9͒
The angular dependences of ␦f are described by the Q n fac- 
͑A10͒
The terms containing derivatives of ⌿ are proportional to the corresponding powers of q ϰ k and, thus, represent the dispersive thermal corrections. In addition to this, each factor Q n has one term, ‫ץ‬ n E / ‫ץ‬ n , that does not depend on k and represents the nondispersive contribution. Selecting only these terms yields an infinite series for the nondispersive part of ␦f,
After integration over and according to Eq. ͑5͒, the sum ͑A11͒ is calculated exactly. We refer to the result of this summation as the nondispersive ͑ND͒ part of the plasma conductivity tensor.
(i) Nondispersive part of the plasma response. Elements of the nondispersive conductivity tensor are presented by the integrals over p,
Matrix ͑A12͒ has a similarity to the dielectric tensor in cold plasma ͑11͒. In contrast to Eq. ͑11͒, expression ͑A12͒ contains integration over p and momentum-dependent factors ␥͑p͒. This yields the dependence of the nondispersive part on the electron 
͑B2͒
The Jones equations ͑24͒ are rewritten in a compact form,
where and ␦ are represented by ͑B1͒ and ͑B2͒, respectively. We expand solutions in powers of ␦ ϰ ,
where zero-order quantities ͑c͒ are given by ͑27͒ ͑our notation = N 2 is different from the standard one, = N͒, while E ͑c͒ follows from ͑29͒ at =0, 
͑B8͒
The perturbed electric field is presented by a superposition of cold plasma normal modes ͓Eq. ͑B5͔͒,
Substituting Eq. ͑B9͒ in Eq. ͑B3͒ and taking into account that · E ␣ ͑c͒ = ␣ ͑c͒ E ␣ ͑c͒ yields equations for c ␣ ,
Upon multiplying Eq. ͑B10͒ by E ␤ Ã , these equations become
The coefficients c ␣ are calculated perturbatively by power expansion in ␦ ϰ of the form c ␣ = c ␣ ͑c͒ + c ␣ ͑T͒ +¯. The pair of zero-order solutions c ␣ ͑c͒ is determined by the unperturbed state of polarization ͑without thermal corrections͒. Considering, for example, the slow wave marked by "1," one should put c s1 ͑c͒ =1, c s2 ͑c͒ =0 ͑an additional index "s" is added to specify the choice of zero-order iteration͒. Since the righthand side of Eq. ͑B11͒ is proportional to ␦, the values of c ͑␣͒ in this term are determined by zero-order combination ͑1, 0͒. Then, the first equation ͑B11͒ with ␤ = 1 yields the thermal correction to 1 ͑c͒ , 
